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A Characterization of Parallel Thinning Algorithms I 
AZRIEL ROSENFELD 
Computer Science Center, University of Maryland, College Park, Maryland 20742 
Necessary and sufficient conditions are established for a 3-by-3 local parallel 
operation to preserve connectedness and to have no effect on an arc or curve. 
These conditions define a very simple class of parallel thinning algorithms. 
Many algorkhms have been developed (e.g., Stefanelli and Rosenfeld, 
1971) for "thinning" elongated objects in a digital picture into arcs or curves. 
The concept of thinning is not easy to define mathematically; however, it 
seems reasonable to require that any thinning algorithm should satisfy the 
following conditions: 
(~) Connectedness i  preserved, for both the objects and their complement. 
(/3) Curves, arcs, and isolated points remain unchanged. 
(7) Upright rectangles, whose length and width are both greater than 1, do 
not remain unchanged. 
In what follows, we use 8-connectedness for the objects, and 4-con- 
nectedness for their complements. 
Let us assume, as is always done, that a thinning algorithm operates by 
repeatedly removing border points from the objects, i.e., by turning l's that 
are 4-adjacent to O's into O's. We further assume that points are removed in 
parallel; in other words, at a given application of the algorithm, all points that 
satisfy the removal conditions are removed simultaneously. Given these 
assumptions, it is easily seen that the algorithm cannot beisotropic, i.e., its 
effects cannot be invariant under rotations by multiples of 90 °. Indeed, let 
S be n.ll By (7), S cannot remain unchanged, but by isotropy, if we remove any 
of its points, we must remove them all, so that S vanishes and (~) is violated. 
1 The support of the Division of Computing ]Research, National Science Foundation, 
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Therefore, let us consider thinning algorithms that remove only one type of 
border point--north, 2 south, east, or west--at a time. (The possibility of 
removing two types at a time will be discussed later.) To make the thinning 
process as symmetrical s possible, a different ype of border point should be 
used at each application f the algorithm (e.g., N, S, E, W, N, S, E, W,...); 
but we need not assume this in what follows. We recall that the point x is 
called simple if the l 's in x's 8-neighborhood remain connected when x is 
deleted. The main purpose of this note is to prove 
THEOREM 1. Let ~ be an operation that turns (say) north border l' s into O's, 
in parallel, depending only on the values of their eight neighbors. Then ~ satisfies 
(~-/3) if and only if the only north border l' s that it removes 
(3) are simple and 
(e) have at least two l' s as 8-neighbors. 
Proof. i f  ~ ever removes apoint x that has fewer than two l 's as neighbors, 
it clearly violates (/3), since there exists an isolated point or arc end-point hat 
has the same 3-by-3 neighborhood as x. Let x be any north border point of S, 
and let C be any 8-connected component of l 's (when x is removed) in x's 
8-neighborhood. I f  C has only one point c, then by taking S to consist only 
of x and its 8-neighbors, we see that c cannot be removed by % since the 
8-neighborhood of c is the same as that of an arc end-point. I f  C has two or 
more points, it is easily seen that they cannot all be north border points, 
since x is a north border point; hence, at least one point of C is not removed 
by % If  x is nonsimple, there are at least two 8-components of l 's in x's 
8-neighborhood, and as just seen, at least one point of each such component is
not removed by ~0; thus, if S consists only of x and its 8-neighbors, ~ dis- 
connects S, violating (~). Thus, if 9 satisfies (~-/3), it can only remove points 
that satisfy (3-E), which proves "only if." 
To prove "if," note first that if ~0 removes only points that satisfy (~-e), 
then 9 certainly satisfies (/3). We shall show in Corollaries 3 and 5 below that ~o 
also satisfies (~); this proof is modeled on the one given by Stefanelli and 
Rosenfeld (1971). | 
Let ~o be as in the conclusion of Theorem 1, and let R be the set of l 's 
that is removed by a single application of 5o. 
PROPOSITION 2. I f  tWO points of S. are 4-connected in S t3 R, they are also 
4-connected in S. 
2 E.g., a north border point of S is one whose upper neighbor is in ~0. 
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Proof. I t  suffices to show that if there exists a 4-path x 0 , x 1 ,..., x , ,  where 
x o and xn are in S, and x 1,..., xn_ 1 are in R, then a new 4-path can be 
constructed in which x 1 has been replaced by points of S. Suppose first that 
n >/3 ;  then since x 1 and x~ are north border points, the neighborhood of 
x 1 looks like 
Xo0 wOO a00 
or or b xlx~ 
XlX2 XOXlX 2 
C X 0 
(or symmetrically, with xe on the left of xl; x 2 cannot be above or below x I , 
since they are both north border points). In  the first case, the desired 4-path 
of O's from x 0 to x~ certainly exists. In  the second case, note that if point w 
were 1, x I would be nonsimple; hence, w ----- 0 and the desired path exists. In  
the third case, if any of a, b, e were I, x 1 would be nonsimple. Hence, they 
are all O's, yielding the desired path. 
Similarly, if n = 2, the neighborhood of x 1 looks like 
0 a xod 
XoW U 0 W 
or or xlx 2 or b xle 
XlX 2 XoXlX 2 
xoz c x2f 
(or symmetrically, with x~ on the left instead of the right, or with x 0 and x 2 
interchanged; or xz could be the same as Xo, in which case the proof is 
immediate). In  the first case, w = 1 would imply that x is either nonsimple or 
has exactly one neighboring 1; thus, w = 0. Similarly, in the second case, 
u = v = 0; in the third case, z ---- 0; and in the fourth case, either a = b = 
c = 0 or d = e = f ~ 0 (but not both). Thus,  the desired path exists in all 
cases. I f  n < 2, there is nothing to prove. | 
COROLLARY 3. ~o does not change the connectedness of S. 
Proof. Since 9 changes only border l 's  to O's, it cannot create new com- 
ponents of O's; since it never changes O's to l 's, it cannot disconnect a
component of O's; and it cannot connect wo previously disconnected com- 
ponents of O's, by Proposition 2. | 
PROPOSITION 4. / f  two points of S - -  R are 8-connected in S, they are also 
8-connected in S -- R. 
Proof. I t  suffices to show that if there exists an 8-path x0, x 1 ,..., xr,, 
where x 0 and x n are in S and x x ..... xn_ 1 are in R, then a new 8-path can be 
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constructed in which x 1 has been replaced by points of S - -  R. Since x 1 is 
a north border point, its neighborhood must look like one of (A) - (D) :  
x20 0 0 0 0 
(A) 0x~ or ax lxo  or x~XlXo or xlx o or XlXo or xzx o. 
XlXo b c x2c x2 x2 
In  the first, fifth, and sixth cases, or if x o ---- x 2 , the existence of the desired 
8-path is immediate. In  the second case, a and b must be l 's,  since x 1 is simple; 
and since they are not north border points, they are in S - -  R. Similarly, in 
the third and fourth cases, c must be 1 for x 1 to be simple, and it is not a north 
border point. The  cases where x o is on the left of x I , instead of on its right, are 
treated symmetrically. 
x20 x 0 0 Xo 0 Xo 0 x 0 0 Xo 0 x 0 
(B) a x lc  or x2xle or xle or xaf  or x l f  or xlx 2 . 
b d x2d x 2 x 2 
In  the first case, x 1 simple requires a ---- b = c ---- I, and none of these is a 
north border point. Similarly, in the second and third cases for d and e; in the 
fourth and fifth cases for f ;  and the proof  is immediate in the sixth case. The  
cases with x 0 to the northwest of x 1 are symmetrical.  
0 0 0 Ox2 x20 0 
(C) x 1 or x 1 or xlx 2 or xlc or d x 1 or x2x 1. 
XOX2 Xoa x e Xoa xob x o x 0 
The proof is immediate in the first and last cases; and by the argument used 
previously, we must  have a = 1, or b = c ~- 1, or d = 1, in the other cases, 
and similarly when x 0 is to the southeast of x 1 . 
0 0 0 x z x20 0 0 
(D) x 1 or XlX 2 or xla or ax  1 or x~x 1 or x 1. 
XoX2 Xo Xo xo xo x2x o 
The proof  is immediate in the first two and last two cases; and as above, we 
must have a = 1 in the middle two cases. | 
COROLLARY 5. ~ does not change the connectedness of S. 
Proof. Since ~o never changes O's to l 's,  it can neither create a new com- 
ponent of l 's  nor connect two previously disconnected components of l 's .  
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By Proposition 4, it cannot disconnect nor annihilate a component of l 's  that 
has at least three points; and since it never removes a point that has fewer 
than two l 's as neighbors, it cannot annihilate a component of l 's that has 
only one or two points. | 
By Theorem 1, any thinning algorithm that removes only one type of border 
point at a time can only remove l 's  that satisfy (~-~). I f  we do in fact remove 
exactly suc h l's, from one side at a time (N, E, W, S,...), it is easily verified 
that any square or diamond will shrink to a pair of 4-adjacent points at or near 
its original center. Conditions (3-~) are similar to, and more symmetrical 
than, those in the first algorithm of Stefanelli and Rosenfeld (1971). It 
should be pointed out that Stefanelli's algorithm does not preserve thin 
horizontal or vertical ines; additional conditions must be added to it in order 
to ensure this. 
It is also not hard to see that our thinning algorithm will thin any 4-curve 
to an 8-curve ("curve" here means "arc or curve"). In fact, we have 
PROPOSITION 6. I f  we remove the border points that satisfy (b-E) from two 
opposite sides of a 4-curve (say north and south), one side at a time, we obtain an 
8-curve. 
Proof. Consider first what happens when a 4-curve has two diagonally 
adjacent points that are far apart on the curve. This situation can occur 
only when we have two oppositely oriented right angles whose vertices are 
diagonally adjacent, i.e., 
X X 
• " "  XX# #XX ""  
o r  , yy  . . . . . .  yy ,  
Y Y 
where the starred points must have value 0 if the definition of a 4-curve (each 
point has exactly two 4-neighbors) is to be satisfied. Thus, the first step of the 
thinning process will remove one of the vertices (they, if we thin on the north 
side first), so that after thinning is finished, no diagonally adjacent points 
that are far apart on the curve can remain. 
We must now show that after our thinning process, no point will have more 
than two 8-neighbors. By the preceding paragraph, we need only be concerned 
here with neighbors that are nearby on the curve. The curve's end-points 
can have neighborhoods like ~ (or some rotation); it is easily verified that in 
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such cases, the x will be removed (unless its neighboring n is removed first, 
e.g., ~n if we thin from the north first, in which case the x now has only one 
8-neighbor). Similarly, a non-end-point can have a neighborhood like 
nx~ or ~n or ~x~ (or rotations or reflections of these); it is easy to verify that 
n 
in such cases, one of the two n's, on the side(s) where there are two, will be 
x~ ~' (or a rotation or reflec- removed. I f  the neighborhood is like ~n or n~ t~r ~,~ 
nn 
tion), x itself, or one of the n's on the side(s) where there are two, will be 
removed. Thus, by enumeration of cases, we can show that no point will have 
more than two 8-neighbors when the thinning is finished. | 
Faster thinning can be achieved by removing two types of border points 
at a time. These cannot be opposite types (north-south, or east-west), since 
then a 2-by-n upright rectangle would be annihilated completely. I f  they are 
adjacent ypes, upright 2-by-n rectangles present no problems, but diagonal 
11 
ones do, e.g., 1~ 1, in which every point satisfies (3-e) and is either a north or 
11 
east border point. To handle this case, additional restrictions must be imposed 
on the points that are removed, e.g., Stefanelli's conditions (a2) and (a4). 
(Note, however, that Stefanelli's algorithm will not thin a diagonal rectangle 
to an 8-arc, but will erode it away by repeatedly removing its "end-points".) 
The complexity of the conditions in many of the existing thinning algorithms 
seems to result from the need to achieve rapid thinning without disconnecting 
or annihilating 2-by-n figures or 4-curves. 
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